Abstract. We elaborate on a construction of quantum LG superpotential associated to a tau-function of the KP hierarchy in the case that resulting quantum spectral curve lies in the quantum two-torus. This construction is applied to Hurwitz numbers, one-legged topological vertex and resolved conifold with external D-brane to give a natural explanation of some earlier work on the relevant quantum curves.
Introduction
In the first part of this paper [24] , we have combined the theory [17] of the twistor data of tau-functions of the KP hierarchy with the theory of string equations [16] to obtain a theory of quantum deformation theory of the relevant quantum spectral curves over the big phase space. The main idea is that given a tau-function of the KP hierarchy, one can construct a Lax operator L and Orlov-Schulman operator M, such that [L, M] = . Furthermore, there is an action operatorŜ that relates L and M via a quantum Hamilton-Jacobi equation. A twistor data is given by a pair of differential operators P and Q expressible in terms of L and M, such that [P, Q] = . When the tau-function is the partition function of Witten's r-spin curves, this produces a kind of emergent mirror symmetry that relates some topological matters coupled with 2D topological gravity to some quantum mechanical system with special actions.
In [24] we focused on the case that at least one of the differential operators, say P , given by the twistor data is of finite order. We referred to the expression of P in terms of L and M as the quantum Landau-Gingzburg superpotential. However, we did not address the issue of how to make the choice for P . Clearly, if (P, Q) is a twistor data, so is (aP + bQ, cP + dQ) for any a b c d ∈ SL 2 (Z).
Nevetheless in examples there do seem to be some preferred choices. The resulting quantum spectral curves live the quantum plane. In the 1 end of Part I we mentioned several directions for generalizations, one of them being the generalization to the case when both operators P and Q are of infinite orders. We will do that in this paper. We will see that quantum spectral curve more naturally live in the quantum two-torus in this case. Furthermore, we will relax the requirement that [P, Q] = . So the choice of operators P and Q becomes a more serious issue. We deal with it as follows. As in [16] we will use the KacSchwarz operatorsP andQ that characterizes the element V in Sato Grassmannian corresponding to the tau-function:
We will require that V is spanned by a sequence of series {ϕ n } n≥0 , such thatP
The operators P and Q related toP 0 andQ 0 respectively by some Laplace transform and deformation by the KP flow.
As applications, we will treat the three cases of tau-functions of the KP hierarchy arising in topological string theory: (1) Hurwitz numbers and linear Hodge integrals related by ELSV formula, (2) triple Hodge integrals in Mariño-Vafa formula (the one-legged topological vertex), and (3) the resolved conifold with one external D-brane. These three cases are related to each other in the sense that by taking suitable limit, one gets (2) from (3) and (1) from (2) . The quantum curves (on the small phase spaces) of these three cases were treated in [23] from the point of view of Eynard-Orantin recursion [6] , we now treat their deformations over the big phase space from the point of view of emergent geometry of the KP hierarchy.
We arrange the rest of this paper as follows. In Section 2 we explain how to obtain operators P and Q from Kac-Schwarz operators based on Sato grassmannian. In the next three Sections we discuss the applications to tau-functions given by Hurwitz numbers, one-legged topological vertex, and resolved conifold with one outer D-brane, respectively, and compare the results with earlier work on quantum curves for these three cases [23] . We conclude the paper by remarking that in most of our examples the quantum spectral curves live in the quantum complex 2-torus. 
where each a n (x, ) = m∈Z a m ( )x m is a Laurent series in x. Then H = E/Ex is isomorphic as a vector space to the set C((∂ −1 x )), the space of pseudo-differential operators with constant coefficients. The algebra E naturally acts on H. This is because from
After the Laplace transform, 
where k 1 < k 2 < · · · is a sequence of integers, such that k n − n + 1 = 0 for n ≫ 0. One can define the fermionic charge of this expression, and use the charge zero expressions to span a subspace F (0) of F . The vacuum vector of this space is
Denote by gl(∞) the Lie algebra of differential operators in the variable z with Laurent coefficients. Every element of this algebra acts as a linear operator acting on the space H:
In particular, when l = m,
To every operator A ∈ gl(∞), following Kazarian [8] we define an operatorÂ acting on the fermionic Fock space as follows:
The boson-fermion correspondence is a map
given by:
Under this correspondence,
In the literature, other examples of operators on H corresponding to important operators on Λ are known [7, 8] . Let
Then one has
In particular, the operator K 0 is the cut-and-join operator [5] :
As noted in [8] ,
It acts on F (0) . By Sato [15] , GL(∞)|0 is the space of KP τ -functions.
For an element g ∈ GL(∞), suppose that
where ϕ n = z n + lower order terms, then the element V corresponding to g|0 is spanned by {ϕ n } n=0,,2,... .
Kac-Schwarz operators.
Given a tau-function, one define the wave function by Sato's formula:
Rewrite w in the following form:
The dressing operator W is defined by:
The Lax operator L and the Orlov-Schulman operators are defined by:
One can use the dressing operator to associate an element V corresponding to the tau-function as follows:
By a pair (P 0 ,Q 0 ) of Kac-Schwarz operators we mean two differential operators in z such that
and furthermore, V has an admissible basis {ϕ n } n≥0 such that
We denote by P 0 and Q 0 the differential operators corresponding to P 0 and Q 0 respectively, and let P and Q are differential operators obtained by KP flows with P 0 and Q 0 as initial values respectively.
One can convert the conditions that 
.
It satisfies the cut-and-join equation [5] :
and the following initial condition
and so one has [9] :
3.2. Kac-Schwarz operators for Hurwitz numbers. The corresponding element in Gr (0) is spanned by the following series
they can be written as:
In particular,
This matches with [23, (13) ]. Define two operatorsP 0 ,Q 0 as follows:
Then one has [2] : 
and their generating series:
We have proved in [22] that G • is a tau-function of the KP hierarchy. This is established by using Mariño-Vafa formula [12, 11, 13] to get:
where q = e √ −1λ . The corresponding element in Gr (0) is spanned by the following series
Lemma 4.1. The series ϕ j can be explicitly written as:
This matches with [23, (26) ].
Proof. Note we have:
Here in the last equality we have used:
(50)
Now we have:
Theorem 4.2. Define two operatorsP ,Q as follows:
for j = 0, 1, 2, . . . , where ϕ −1 = 0. In particular, [23, (32) ]. Furthermore, these operators satisfy the following commutation relations:
This matches with
Proof. These can be checked directly from (48).
By induction one can show that: Therefore,
Remark 4.3. It is interesting to consider the Lie algebra generated by the two operatorsP 0 andQ 0 .
Tau-Function of KP Hierarchy from Resolved Conifold

5.1.
Open string amplitudes with one outer brane. Let us recall some results from [21] . One can compute the open string amplitude for the resolved conifold with one outer brane and framing a by the theory of the topological vertex [1, 10] . There are two possibilities, corresponding to two different toric diagrams as follows: Figure 1 . The normalized open string amplitude of the resolved conifold with one outer brane as in Figure 1 (a) and framing a ∈ Z is given by:
The normalized open string amplitude of the resolved conifold with one outer brane as in Figure 1(b) and framing a ∈ Z is given by:
[n] β −n n .
These give us two tau-functions of the KP hierarchy.
5.2.
The first case. The element in Gr (0) corresponding toẐ (a) is spanned by the following series
Theorem 5.1. The series ϕ n can be explicitly written as:
This matches with [23, (45) ].
Proof. Note that
Here in the last equality we use the following well-known identity:
(64)
Therefore,
Theorem 5.2. Define two operatorsP 0 ,Q 0 as follows:
for j = 0, 1, 2, . . . , where ϕ −1 = 0. In particular,
This matches with [23, (49) ]. Furthermore,
Proof. The equality (67) and (68) can be checked directly from (72).
and for (68), first note:
The first term on the right-hand side is just ϕ j , the second term on the right-hand side can be rewritten as follows:
the third and the fourth terms on the right-hand side can be rewritten as follows:
Then (68) is proved by putting all these terms together. The commutation relation can be obtained by a computation similar to the proof of (70).
5.3.
The second case. Similarly, the element in Gr (0) corresponding toẐ (a) is spanned by the following series
Theorem 5.3. The seriesφ n can be explicitly written as:
In particular, 1 − q j · q n/2 z −n .
Here in the last equality we use (64). Therefore, The proof is similar to that of Theorem 5.2.
5.4. Quantum torus. Note both the Lie algebra generated byP 0 and Q 0 (in this Section and in last Section) and the Lie algebra generated byP 0 andQ 0 are Lie subalgebras of the Lie algebra associated with the noncommutative associative algebra spanned by {z m q nz∂z } m,n∈Z . We have
This algebra is the algebra of two-dimensional quantum complex torus. This fact indicates that the relevant quantum spectral curves live in the two-dimensional quantum complex torus, compatible with the fact that the corresponding local mirror curves live in the two-torus.
